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Abstract

We have developed a model for the precipitation of ®ssion products in a grain boundary which embodies a variable

reaction rate on the precipitate surface. This enables us to account for modi®cations of the local fuel chemistry, or to

distinguish between the behaviour of di�erent migrating species. In addition, we have assessed the in¯uence of the

trapping parameters on the precipitation rate according to di�erent models from the open literature which have been

extended in order to incorporate the variable intrinsic reaction rate. The interrelationships among the models have been

established while their limitations and range of validity have been discussed. The results reveal that there is a critical

value above which the in¯uence of the intrinsic reaction rate, between a ®ssion product and an intergranular trap, on

the global precipitation rate becomes negligible. Ó 2000 Elsevier Science B.V. All rights reserved.

PACS: 61.72.Ji; 61.72.Mm; 81.05.Je; 81.30.Mh

1. Introduction

Proper prediction of the ®ssion product behaviour is

essential in nuclear fuel performance assessment. On the

one hand, the release of ®ssion products, in particular

inert gases, not only increases the rod internal pressure

and impedes the heat transfer between the fuel pellets

and the cladding, it is also crucial in assessing the po-

tential hazard related to the radioactive species. On the

other hand, the precipitation of ®ssion products can

lead, for instance, to bubble formation, both in the

grains and at the grain boundaries. In general, the pre-

cipitation at grain boundaries in¯uences the pellet

cladding mechanical interaction, the amount of volatile

®ssion products vented during a burst release at high

burnup, and it can inhibit the migration of ®ssion

products both in the grains and along the grain faces.

Accordingly, the correct prediction of intergranular

precipitation constitutes an important aspect of a fuel

behaviour code.

Trapping or precipitation of ®ssion products can

occur at di�erent types of traps such as structural de-

fects, gas-®lled bubbles and pores, and metallic precip-

itates. In addition, volatile ®ssion products such as Cs

and I can be immobilised by means of a chemical in-

teraction with the fuel (e.g. uranates) or other ®ssion

products (e.g. CsI). As a result, the precipitation or

trapping of ®ssion products is dependent on the tem-

perature and burnup [1±6], on the species under con-

sideration [5,7±9], on stoichiometry deviations and

additives [10,11], as well as on the geometrical parame-

ters such as the number density and the size of the

trapping centres. The in¯uence of these parameters on

the precipitation rate is generally embodied in a rate

coe�cient (k), since the reaction of point defects with

traps are usually described in terms of phenomenologi-

cal rate equations of chemical kinetics. At present, sev-

eral di�usion-controlled reaction rate coe�cients are in

use, derived basically from the Smoluchowsky theory of

coagulation [12±14]. In these models, the traps are

considered to be isolated, that is they are not a�ected by

the presence of each other. The mean ®eld approach [15±

17] considers the traps to be isolated particles as well,

though in addition it accounts for a source term under
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continuous irradiation conditions. For higher trap con-

centrations, the di�usion ®eld surrounding a trap will

become disturbed by those of neighbouring traps. In

order to account for competition between neighbouring

traps, Ham [18,19] proposed the cell model without

source term and Wood [20] used the modi®ed e�ective

medium approach in two dimensions developed earlier

by Brailsford et al. [21,22] in three dimensions. However,

the models for the precipitation of volatile ®ssion

products, and those who describe void formation by

accumulation of vacancies, considered the traps to be

perfect absorbers or black spheres. Accordingly, they do

not enable us to account for the variable e�ciency of the

traps at trapping ®ssion products impinging on their

surface (k0in) which can result from the variation of the

temperature, the stoichiometry, the composition, etc. as

indicated above.

The objective of the present paper is two-fold. First,

we develop a model for intergranular precipitation of

®ssion products which accounts for the variable trap

e�ciency, in addition to the overlapping di�usion ®elds

or competition between traps, and the source term under

continuous irradiation conditions. The second objective

consists in analysing the e�ect of these parameters on the

precipitation rate in grain boundaries according to dif-

ferent theories. To this end, we have extended several

models from the open literature in order to account for

the variable trapping e�ciency of the traps at trapping

®ssion products impinging on their surface. We start by

introducing assumptions in order to simplify the math-

ematical problem at hand. In the following section we

present several theories for the rate-theory representa-

tion of ®ssion product precipitation in a grain boundary.

Subsequently we compare the predictions of the models

in steady-state or quasi-steady-state conditions and as-

sess the in¯uence of the various parameters involved.

Furthermore we will establish interrelationships among

the models and discuss their limitations and range of

validity. Although experimental data are not analysed

here, an e�ort has been made to indicate results that

should prove useful in this regard.

2. Preliminary assumptions

In our analysis we disregard the creation or nucle-

ation of the traps and, as indicated above, we consider

traps in a more general sense. For instance, sinks could

correspond to intergranular bubbles and metallic pre-

cipitates appearing after a short irradiation time [23±25],

as well as defects, e.g. those created by ®ssion fragments.

The latter idea is in accordance with the experimental

observations on intragranular bubble nucleation in the

wake of ®ssion products [26], and with the idea of

Khoruzhii et al. [27] about a new retardation force on

grain growth in trace irradiated UO2 due to inclusions in

grain boundaries generated when ®ssion tracks intercept

the grain face.

The grain boundary traps are assumed to be immo-

bile [28,29], in other words we consider the velocity of

the traps to be negligible with respect to the velocity of

the ®ssion products. We further adopt a quasi-stationary

approach for their growth, that is we presume their size

to remain constant during a certain time step.

Each trap is assumed to be circular, corresponding,

for example, to the intersection of a lenticular grain

boundary bubble with the grain face. We further sup-

pose that all the traps are equi-sized with radius Rtr in

the plane of the grain boundary, as was indicated for

gas-®lled bubbles in UO2 by Tucker [23,30,31].

The ®ssion products arrive at the grain boundary

uniformly. A fraction, equal to the fraction of the grain

boundary surface occupied by the traps (/), is directly

captured by the traps. The other fraction is dissolved in

the grain boundary layer and can be trapped when they

impinge on a trap while migrating along the grain

boundary. Long-range interaction potentials, e.g. ap-

propriate to ionic reactants because of the charge e�ects,

are indirectly accounted for in our investigation by

considering a variable e�ective trapping radius

[12,16,17].

Finally, we assume that grain boundary traps exist as

separate entities, i.e. they do not interconnect, which

implies that / is limited to the order of 40%. Never-

theless, we have extended the calculations for cases

where grain faces are almost entirely covered by traps in

order to analyse the validity of some approaches.

3. The intrinsic reaction rate at the trap surface

The boundary condition for the ®ssion product

concentration at the intergranular trap surface is deter-

mined by the intrinsic rate coe�cient kin, that is the re-

action rate when the migrating species and the traps are

in contact. In the event of an in®nite intrinsic reaction

rate, the absorption of the ®ssion product on collision

with a trap occurs instantaneously. Under those cir-

cumstances the Smoluchowsky boundary condition

(SBC) [15,32,33], sometimes referred to as the black-

sphere approximation [12], applies:

Cgb�Rtr; t� � 0: �1�

In the case of a ®nite intrinsic reaction rate we obtain the

so-called radiation boundary condition (RBC), corre-

sponding to a partial re¯ection of the particle ¯ux from

the reaction surface [12,15,32±34]I
trap

J
!� n!dS � 2pRtrDgb

oCgb�R; t�
oR

����
Rtr

� kinCgb�Rtr; t�;

�2�
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where kin is the intrinsic rate coe�cient on the trap

surface and k0in � kin=2pDgb is de®ned as the dimen-

sionless intrinsic rate coe�cient. The RBC enables us to

assess the in¯uence of the so-called saturation of the

intrinsic capture rate on the global capture rate coe�-

cient (k). Such a reduction of k0in could result, for in-

stance, from a lack of vacancies to accommodate the

®ssion gases in a grain boundary bubble or from a

temperature variation which in turn can a�ect the re-

action rate of a chemically active ®ssion product with

the trap.

Most ®ssion product release models account also for

the fact that a fraction of the atoms precipitated or ac-

cumulated in the intergranular traps can be re-dissolved

into the adjacent grains by interaction with a ®ssion

fragment, referred to as irradiation induced re-solution

[35±37]. This phenomenon constitutes an essential ele-

ment in the boundary condition for the transport of the

®ssion products within the grains. However, the irradi-

ation induced re-solution has no direct in¯uence on the

reaction rate between the grain boundary traps and the

®ssion products migrating along the grain faces, that is

on the boundary conditions on the trap surface. Con-

sequently it will not be considered in the present study.

4. Models for the precipitation rate coe�cient

In general, reactions of point defects or ®ssion

products with traps are described in terms of chemical

rate equations. For this purpose, a rate coe�cient (k) is

required for each ®ssion product involved. In the fol-

lowing, we will derive a relationship for the capture rate

coe�cient or the trap strength as a function of the

geometrical parameters of the trapping centres, the grain

boundary di�usion coe�cient of the ®ssion products

(Dgb) and the e�ciency of the traps at trapping ®ssion

products impinging on their surface (k0in), according to

di�erent approaches.

4.1. The Smoluchowsky approach

For the description of di�usion-controlled reactions,

many rate coe�cients are derived basically from the

Smoluchowsky theory of coagulation in which only one

trap species is assumed with such a low concentration

that the di�usion ®eld surrounding a trap is not dis-

turbed by the di�usion ®elds of neighbouring traps

[12,14,15,32,33]. This approach is therefore equivalent to

the isolated particle approximation mentioned by Ham

[18,19] for precipitation of point defects on dislocations.

The Smoluchowsky formalism has been applied

successfully to photochemistry [38] and di�usion-in¯u-

enced ¯uorescence quenching [15], which is characterised

by the kinetic scheme A� � B! A� B where A� is an

excited state of A and B is a quencher acting like an

indestructible trap. The model is exact when the di�u-

sion coe�cient of A� approaches zero and the Bs do not

interact with each other [15]. Accordingly, this approach

is expected to be poor for the problem of absorption of a

di�using particle by static traps, especially at high trap

densities where overlapping di�usion ®elds become

important.

Rather than using the concentration of ®ssion

products dissolved in the grain boundary, the correla-

tion derived from the Smoluchowsky theory considers

the pair-probability function for ®ssion products and

traps or the distribution function of the ®ssion products

U�R; t� [12,14,15,32]. The distribution function is a so-

lution of the Smoluchowsky equation

oU�R; t�
ot

� Dgb DU�R; t�: �3�

The partial di�erential equation is subject to the uniform

initial condition U�R; 0� � 1, and to the SBC or RBC at

the reaction surface, while the concentration should

remain ®nite at large distances from the trap. The time-

dependent (global) rate coe�cient is obtained by inte-

grating the normal component of the ¯ux over the

surface of the trap [15,32]

k�t� �
I

trap

DgbrU dA: �4�

Following this procedure, we obtain the time-dependent

rate coe�cient for intergranular trapping

k�t� � 8 k0in
ÿ �2

Dgb

p

Z 1

0

eÿDgbk2 t

F k; k0in
ÿ � dk

k
; �5�

where

F k; k0in
ÿ � � kRtrJ1 kRtr� �� � k0inJ0 kRtr� ��2

� kRtrY1 kRtr� �� � k0inY0 kRtr� ��2
: �6�

When the boundary condition at Rtr reduces to Eq. (1),

this simpli®es to the expression obtained by Szabo [15].

4.2. The mean ®eld approach

Alike the previous model, the mean ®eld approach

(MFA) corresponds to the isolated particle approxima-

tion, subject to the condition that the concentration

reaches a constant bulk value at large distances from the

trap [15±17]. In the mean ®eld approximation, one as-

sumes that the deviation from the bulk value,

dC�R� � C�R� ÿ Cbulk, satis®es

Dgb DdC�R� � kssCtr dC�R�; �7�

where Ctr represents the number of intergranular traps

per unit of grain boundary surface and kss � limt!1 k�t�
is the steady-state rate coe�cient. This equation is
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solved subject to either Eq. (1) or Eq. (2). The steady-

state rate coe�cient is then equated to the ¯ux at con-

tact, divided by Cbulk and multiplied by the trap density

Ctr. Since C�R� is a function of kss, this procedure leads

to an implicit equation for k0ss � kss=2pDgb which is

characteristic for the mean ®eld approximation

k0ss �
k0in

�����������
2k0ss/

p
K1

�����������
2k0ss/

pÿ ������������
2k0ss/

p
K1

�����������
2k0ss/

pÿ �� k0inK0

�����������
2k0ss/

pÿ � ; �8�

where / � CtrpR2
tr represents the fraction of the grain

boundary covered by the traps. Taking the limit for

k0in !1, corresponding to perfect trap conditions, we

obtain the same result as Szabo [15].

The MFA can be shown to be equivalent with the

embedding procedure of Brailsford et al. [21,39] which is

derived from the rate theory formulation for point de-

fect sink strengths and assumes a steady-state condition

as well. In this model, the discrete random array of traps

is approximated by an equivalent homogeneous medi-

um. The latter must be such that if we excavate from it a

spherical surface of radius RSF and replace it by an equal

surface comprised of a spherical shell of a trap free zone

surrounding just one inclusion, then the macroscopic

properties of the composite thus formed must be the

same as those of the medium itself. This is schematically

represented in Fig. 1. The trap strength is obtained by

solving the following coupled system of di�erential

equations:

DDC � S � 0 Rtr6R6RSF;
DDC � S � Se ÿ kssCCtr � 0 R P RSF

�9�

subject to the boundary condition (1) or (2) on the trap

surface, and where Se represents the point defect emis-

sion rate from all traps. They derive the net ¯ux of point

defects to the central trap and this must equal the net

loss rate per sink in the medium. When the trap is di-

rectly embedded in the e�ective medium, in other words,

when omitting the trap free region surrounding the trap

(RSF � Rtr), the equation governing the ®ssion product

concentration in the homogeneous medium becomes

equivalent to Eq. (7) since we have limR!1 C�R� �
Cbulk � �S � Se�=kssCtr at large distances from the trap

surface.

The embedding procedure is only strictly appropriate

when the traps are randomly distributed, although it has

been judiciously modi®ed to encompass even regular

arrays of traps in a perfect lattice [22]. Wood and co-

workers [20,40] have applied this modi®ed e�ective me-

dium (MEM) approximation to grain boundary bubble

swelling. Their model is closely related to the treatment

of Speight et al. [41] to void growth on grain boundaries

and has been veri®ed by Yang et al. [42] by means of

small angle neutron scattering.

Unlike the model derived from the Smoluchowsky

theory indicated above, the MFA accounts for a source

term under continuous irradiation conditions. Never-

theless, the steady-state rate coe�cient obtained with the

e�ective medium procedure can be shown to be equiv-

alent to the quasi-steady-state approximation obtained

with modi®ed Smoluchowsky equations [14] in spherical

geometry, provided the same boundary conditions are

applied at the trap surface. In view of the equivalence of

the MFA with the Smoluchowsky approach [15] and

with the e�ective medium approximation mentioned

above, we will only present the MFA results. In addi-

tion, the rate coe�cient derived from the MFA can be

expressed as a function of the dimensionless quantities /
and k0in.

4.3. The cell model without source term

The cell model is based on the work of Ham [18]. We

assume the presence of a regular array of traps with a

number density Ctr, in accordance with the computa-

tions of Tucker for gas-®lled bubbles [23,30,31] who

indicated that a random array of freshly nucleated

bubbles will begin to spread out into a more uniform

distribution as they grow. Fixman [43] and Wood [20]

have shown that this entails a larger global trapping rate

in comparison with an irregular distribution of traps.

Given the symmetry of the trap distribution on the grain

face, we assume that the same property holds for the

concentration pro®le. A unit cell, or capture surface,

surrounding each sphere is then de®ned as the portion of

the surface that can be associated with each circular

trap. The entire surface is divided into Ctr identical

polyhedra or cells each containing one trap at its centreFig. 1. Schematic representation of the e�ective medium model.
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in order to reproduce (on average basis) the system of

surface plus traps. For ease of computation it is conve-

nient to approximate each polyhedron by a circle with a

radius chosen to satisfy the requirement that the Ctr cells

occupy the entire surface. Thus each trap or bubble can

be considered to be isolated (Wigner±Seitz approach

[44]) in a circular zone of radius Rs de®ned by

CtrpR2
s � 1, or an equivalent rectangular cell with the

same size s2 � pR2
s (cf. Fig. 2). As a result of the sym-

metry of the concentration pro®le, the normal compo-

nent of its gradient vanishes on this surface, or

equivalently, an equal number of ®ssion products

crosses the cell border in each direction.

We further assume that the concentration satis®es the

time-dependent di�usion equation

oCgb�R; t�
ot

� DgbDCgb�R; t� �10�

at all points of the grain face (Rtr6R6Rs) and we

consider a uniform initial distribution of the ®ssion

products (Cgb�R; t � 0� � h). These circumstances cor-

respond to a post-irradiation annealing situation, where

the initial state could result from a very low temperature

irradiation such as to immobilise the ®ssion products.

The reaction is subsequently resumed at temperatures

high enough to allow intergranular di�usion to be op-

erative but low enough so that the ®ssion products in the

adjacent grains may be considered to be immobile. This

is plausible in the light of the general accepted idea that

the activation energy for intragranular di�usion is

higher in comparison with the activation energy for in-

tergranular di�usion [45].

The solution to the di�usion equation governing the

concentration pro®le in each cell in case of radiation

boundary conditions can be expressed as follows:

Cgb�R; t� � ÿpk0inh
X1
n�1

C kn; k0in;R
ÿ �
F kn; k0in
ÿ �" #

eÿDgbk2
nt; �11�

where

C kn; k0in;R
ÿ � � J0 knR� � knRtrY1 knRtr� �� � k0inY0 knRtr� ��

ÿ Y0 knR� � knRtrJ1 knRtr� �� � k0inJ0 knRtr� ��;
�12�

F kn; k0in
ÿ � � knRtrJ1 knRtr� � � k0inJ0 knRtr� �

J1 knRs� �
� �2

ÿ k2
nR2

tr

ÿ � k02in
�
; �13�

where kn are the positive roots of

knRtrJ1 knRtr� �� � k0inJ0 knRtr� ��Y1 knRs� �
� knRtrY1 knRtr� �� � k0inY0 knRtr� ��J1 knRs� �: �14�

Taking the limit for k0in !1, that is when the perfect

trap boundary condition applies at Rtr, we obtain the

same result as obtained by Ham [19].

Integrating the di�usion equation (10) from Rtr to

Rs and dividing by the surface p�R2
s ÿ R2

tr� we obtain

a balance equation which de®nes the (global) rate

coe�cient k�t�

dCgb

dt
� ÿk�t�CtrCgb; �15�

where

Cgb � 2

R2
s ÿ R2

tr

Z Rs

Rtr

Cgb R; t� �RdR �16�

corresponds to the spatially averaged concentration of

the di�using ®ssion products due to the reaction with the

trap species characterised by a number density Ctr. In-

serting (11) in (16) and deriving with respect to time we

obtain the time-dependent rate coe�cient

k�t� � Dgb

Ctr

P1
n�1�eÿDgbk2

nt=F kn; k0in
ÿ ��P1

n�1�eÿDgbk2
nt=k2

nF kn; k0in
ÿ �� : �17�

In the quasi-steady-state, k�t� reduces to a time-inde-

pendent value (kqs) which is determined by the smallest

eigenvalue of (14), also referred to as the ®rst harmonic

or fundamental mode

lim
t!1

k�t� � kqs � Dgbk
2
0

Ctr

: �18�
Fig. 2. Schematic representation of the cell model.
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4.4. The cell model with source term

The assumptions are similar to those of the previous

model if it is not for the continuous irradiation condi-

tions. This will enable us to assess the e�ect of a source

term on the correction factor to be applied to the rate

coe�cient, as suggested by G�osele in a three-dimen-

sional spherical geometry [32].

Under continuous irradiation conditions, the right-

hand side of the di�usion equation (10) in the cell con-

tains a source term, S , corresponding to the number of

®ssion products arriving at the grain face per unit of

surface and time (lmÿ2 sÿ1). The initial concentration is

taken to be zero (Cgb�R; t � 0� � 0). When the radiation

boundary condition applies at the trap surface, the so-

lution to this problem can be written in the form

Cgb�R; t� � C1�R� ÿ S
Dgb

�
X1
n�1

Wn kn; k0in
ÿ �

C kn; k0in;R
ÿ �� �

eÿDgbk2
nt; �19�

where

C1�R� � S
4Dgb

R2
tr

ÿ" ÿ R2
�� R2

s ln
R

Rtr

� �2

� 2

k0in
R2

s

ÿ ÿ R2
tr

�# �20�

represents the stationary concentration pro®le,

C�kn; k0in;R� is given by Eq. (12), kn are the positive roots

of Eq. (14) and

Wn kn; k0in
ÿ � � 1

F kn; k0in
ÿ � Rs knRtrY1 knRtr� � � k0inY0 knRtr� �� �

knY1 knRs� �

(

ÿ R2
s ÿ

k0in
k2

n

)
;

�21�
where F �kn; k0in� is given by Eq. (13).

The time-dependent rate coe�cient can be inferred

from the integrated di�usion equation in a similar way

as before

dCgb

dt
� ÿk�t�CtrCgb � S; �22�

hence

k�t� �

Dgb

Ctr

R2
s ÿ R2

tr

ÿ �� 4k0in
P1

n�1 Wn kn; k0in
ÿ �

eÿDgbk2
nt

Dgb

S R2
s ÿ R2

tr

ÿ �
C1 � 4k0in

P1
n�1

Wn kn ;k0in� �
k2

n
eÿDgbk2

nt

264
375;
�23�

where

C1 � S
8Dgb

R2
tr

ÿ�( ÿ 3R2
s

�� 2

k0in
R2

s

ÿ ÿ R2
tr

��

� 2R4
s

R2
s ÿ R2

tr

ÿ � ln
Rs

Rtr

� �2
)

�24�

corresponds to the average concentration in steady-state

conditions. The steady-state rate coe�cient, denoted by

kss, is obtained from the long-time limit of the time-

dependent rate coe�cient

lim
t!1

k�t� � kss � S

CtrC1

� 8pDgb 1ÿ /� �
1ÿ /� � /ÿ 3� � � 2

k0
in

1ÿ /� �
� �

ÿ 2 ln /
:

�25�
Taking the limit of kss for k0in !1, corresponding to a

Smoluchowsky boundary condition at Rtr, we obtain the

result of the MEM approach [20].

4.5. The model of Kogai

The formulation for grain boundary gas precipitation

used by Kogai [13] in his ®ssion gas release model is

derived from the Smoluchowsky theory in quasi-steady-

state conditions in a spherical three-dimensional geom-

etry (kqs). The corresponding sink strength in the case of

a Smoluchowsky boundary condition on the bubble

surface can be written as [12,32]

kqs � 4pRtrDgb: �26�
In order to obtain the correct dimensions (lm2 sÿ1)

for the global precipitation coe�cient, this rate coe�-

cient has been divided by the distance separating two

traps, s � ��������
pR2

s

p
. As a result one obtains the following

expression for the trapping rate coe�cient:

kqs � 4pDgb

Rtr

s
� 4

���
p
p

Dgb

����
/

p
: �27�

5. Results and discussion

The comparison of the di�erent models for the

(global) capture rate coe�cient or the sink strength is

performed in terms of the dimensionless rate coe�cient

k0 � k=2pDgb in steady-state (k0 � k0ss) or quasi-steady-

state (k0 � k0qs) conditions. (The results are therefore in-

dependent of the grain boundary di�usion coe�cient for

®ssion products which is not well characterised at pre-

sent.) In the event of a regular array of traps with

Smoluchowsky boundary conditions, it can be shown
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that the second smallest root (k1) of Eq. (14) is always

larger than 3k0 when / ranges between 1% and 99% [46].

Consequently, it su�ces to describe the system with a

single term in the cell model, except during an initial

transient of duration roughly s0 � 1=Dgbk
2
0. The amount

of precipitate associated with the initial transient is only

signi®cant when the traps are not small or when the

initial distribution is not uniform [18,34]. Whenever the

transient is important, the precipitation rate can still be

calculated by using the complete analytical solution

provided in Sections 4.3 and 4.4 for a regular array of

traps, or by neglecting the competition between adjacent

traps. In the latter case, the ¯ux is evaluated as if each

particle were isolated in an in®nite medium. The pre-

cipitation rate will be correct for small values of time,

when competition is unimportant, though it will be

overestimated as the time increases. For large values of

the time, when the isolated particle approximation for

the precipitation rate exceeds the value given by the

(quasi) steady-state solution, the latter forms an excel-

lent approximation.

5.1. The e�ect of the size and concentration of traps

When the traps operate as perfect absorbers, the di-

mensionless rate coe�cient under steady-state or quasi-

steady-state conditions can be expressed as a function of

a single parameter, namely the fraction of the grain

boundary surface occupied by the traps (/ � CtrpR2
tr).

The sensitivity of k0 to /, computed by means of the

models described above, is depicted in Fig. 3. The sink

surface fraction ranges from 1% to 99% which covers a

wide range of experimental values (in practice / will be

limited to the order of 50%). The ®gure reveals the

limited rate coe�cient along with a limited variation of

k0 with / according to the MFA in comparison with the

cell models. This re¯ects the neglect of the overlapping

di�usion ®elds or the competition between traps in the

MFA as observed earlier [32] in three dimensions.

Similar conclusions hold for the Smoluchowsky theory

in the case of trapping of point defects by immobile

traps, whereas Szabo [15] indicated that this theory

constitutes an exact solution in the quenching problems

where traps are mobile and do not interact with one

another.

Fig. 3 also features the much lower capture rate

coe�cient resulting from the expression used in the

model of Kogai in comparison with the other models,

even for small values of /. The reason for the much

lower values is two-fold. The ®rst reason stems from the

geometrical e�ect for the approximation used by Kogai

is only valid in three dimensions with spherical traps

whereas the other approximations were derived in a

two-dimensional geometry. The rate for migrating ®s-

sion products to be trapped is much larger in the latter

case in view of the reduced number of degrees of free-

dom. Second, the model of Kogai is derived from the

Smoluchowsky theory which is equivalent to the iso-

lated particle approximation. As a result, the discrep-

ancy increases as the fraction of the grain boundary

surface occupied by the traps is raised. The cell models

will tend to 1 in the limit for /! 100% unlike the

models based on the isolated particle approximation.

On the other hand, the results of all the two-dimen-

sional models should be identical for very small values

of /, though this is not shown in the plot because of the

limited range for /.

5.2. The source term e�ect

The in¯uence of the continuous irradiation condi-

tions comes also into view in Fig. 3, when comparing the

results of the cell models with (CM2) and without source

term (CM1). The source term e�ect can be explained as

follows: in the case of annealing conditions, the point

defects very close to the trap are captured during an

initial transient, that is where not only the lowest ei-

genfunction in the series solution of the cell model

(Eq. (11)) contributes to the precipitation rate. After

some time, the precipitation rate will be reduced and

only the ®rst harmonic remains in accordance with Eq.

(18). However, in the event of continuous irradiation,

new point defects will be generated in the vicinity of the

trap surface, entailing a faster reaction rate. Neverthe-

less, the e�ect of continuous irradiation in two dimen-

sions is much smaller in comparison with the e�ect of

the overlapping di�usion ®elds, in accordance with ob-

servations in three dimensions [32]. In addition, the re-

sults of both cell models coincide for small values of the

bubble surface fraction /. Consequently, only the results

of the cell model including the source term will be pre-

sented in the following.

Fig. 3. Dimensionless capture rate coe�cient (k0) in case of

perfectly absorbing traps as a function of the fraction of the

grain boundary surface occupied by the traps (/), according to

the cell model without source term (CM1), the cell model with

source term (CM2), the MFA, the model of Kogai (KOG).

P. Van U�elen / Journal of Nuclear Materials 280 (2000) 275±284 281



5.3. The e�ect of the intrinsic reaction rate coe�cient

If a reaction barrier at the surface of the traps is

taken into account, the dimensionless rate coe�cient

depends both on the intrinsic reaction rate at the trap

surface (k0in) and on the bubble surface fraction (/).

According to the model of Kogai, k0 is not dependent on

k0in, hence his model has not been included in the com-

parison of the models under radiation boundary condi-

tions. The dimensionless capture rate coe�cient,

computed by means of the other models, is depicted in

Figs. 4 and 5 as a function of /, where the bubble sur-

face fraction ranges from 1% to 99%, for three di�erent

values of k0in. The range of k0in from 10ÿ3 to 10�3 su�ces

to assess the sensitivity of the dimensionless rate coe�-

cient to this parameter. Indeed, for k0in � 10�3, the di-

mensionless rate coe�cient in Figs. 4 and 5 almost

converged to the corresponding limiting case of the

Smoluchowsky boundary condition in Fig. 3. At de-

creasing values of the intrinsic rate coe�cient, though

with k0in P 1, the rate coe�cient becomes less sensitive to

variations of / according to all the models. The reason

for this reduced sensitivity stems from the role played by

intergranular traps, decreasing as the intrinsic rate co-

e�cient decreases.

From Figs. 4 and 5 it also comes into view that the

capture rate coe�cient will be underpredicted by the

MFA for large values of / and for all values of k0in, in

accordance with the results under perfect trap condi-

tions. This re¯ects the equivalence with the isolated

particle approximation.

The sensitivity of k0 to k0in is depicted in Figs. 6 and 7

for three di�erent values of /. It is obvious that a re-

duction of the intrinsic capture rate coe�cient at the

trap surfaces will entail a reduction of the global capture

rate coe�cient. However, from Figs. 6 and 7 there ap-

pears to be a critical value for the in¯uence of k0in
(namely k0in � 1) especially for values of /6 50% which

Fig. 4. Dimensionless capture rate coe�cient (k0) in case of

radiation boundary conditions at the trap surface as a function

of the fraction of the grain boundary surface occupied by the

traps (/), according to the cell model with source term (CM2).

Fig. 5. Dimensionless capture rate coe�cient (k0) in case of

radiation boundary conditions at the trap surface as a function

of the fraction of the grain boundary surface occupied by the

traps (/), according to the MFA.

Fig. 6. Dimensionless capture rate coe�cient (k0) in case of

radiation boundary conditions at the trap surface as a function

of the dimensionless intrinsic rate coe�cient at the trap surface

(k0in), according to the cell model with source term (CM2).

Fig. 7. Dimensionless capture rate coe�cient (k0) in case of

radiation boundary conditions at the trap surface as a function

of the dimensionless intrinsic rate coe�cient at the trap surface

(k0in), according to the MFA.
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is of most practical interest. At values of k0in6 1, the

in¯uence of k0in on the capture rate coe�cient is more

pronounced and the sensitivity of k0 to / is independent

of k0in, entailing parallel curves in Figs. 4 and 5. Physi-

cally, this corresponds to the regime where the precipi-

tation of ®ssion products is limited by the intrinsic

reaction-rate between the ®ssion product and the pre-

cipitate rather than di�usion controlled. This is also

re¯ected in Figs. 6 and 7, where k0 becomes proportional

to k0in. Such small values of k0in could result for instance

from a temperature variation in the case of a chemical

active ®ssion product, or from a lack of vacancies in

grain boundary bubbles to accommodate ®ssion gases

[47,48], or it could be related to thermal re-solution of

volatile ®ssion products from gas-®lled bubbles [28,49].

Nevertheless, the latter approach is rather controversial

[50,51] since it con¯icts with the long-held assumption

that volatile ®ssion products, in particular inert gases,

are essentially insoluble in UO2.

For values of k0in P 1, the relative change of the rate

coe�cient is almost independent of the relative change

of the intrinsic capture rate coe�cient (cf. Figs. 4±7)

except when / P 50%. In present day models for ®ssion

gas release [13,28,52], the intrinsic reaction rate coe�-

cient for intergranular bubbles is taken to be in®nite,

that is they consider Smoluchowsky boundary condi-

tions. In practice, the intrinsic rate coe�cient for dif-

ferent ®ssion products and intergranular traps is

unknown. However, it seems reasonable to assume that

k0in > 1 for several ®ssion products (e.g. noble gases,

metallic ®ssion products), given the negligible solubility

and the observation of metallic precipitates associated

with gas-®lled bubbles at grain boundaries [23±25]. Ac-

cordingly, it seems well justi®ed to apply the Smolu-

chowsky boundary conditions, for instance in the model

of Matthews and Wood [40] under stationary conditions

for inert gases. In addition, the relative insensitivity of k0

to k0in for k0in P 1 could explain the similar global pre-

cipitation rate at grain boundaries of several ®ssion

products. For instance, Walker et al. [6] found that

similar amounts of Xe and Cs were precipitated in the

grain boundary gas bubbles of UO2 fuel above 1573 K,

although dissimilarities would be expected from the

di�erences in charge, ionic radius and solubility.

6. Summary and conclusions

We have developed a model for precipitation of ®s-

sion products in a grain boundary which embodies the

variable e�ciency of the traps at trapping ®ssion prod-

ucts impinging on their surface, in addition to the

overlapping di�usion ®elds between traps and the source

term under continuous irradiation conditions. The

variable intrinsic reaction rate enables us to account for

modi®cations of the local fuel chemistry or to distin-

guish between the behaviour of di�erent migrating spe-

cies.

The e�ect of the various parameters, especially k0in, on

the intergranular precipitation rate has been assessed

according to di�erent approaches. Results in steady-

state or quasi-steady-state conditions reveal that models

derived from the Smoluchowsky theory of coagulation,

the MFA and the e�ective medium approximation are

only accurate when the trap concentration is very low

since they neglect the competition between neighbouring

traps. The formalism adopted by Kogai in a ®ssion gas

release model is based on the Smoluchowsky theory in a

three-dimensional spherical geometry and underpredicts

the capture rate by one order of magnitude. In addition,

it does not enable one to account for variations of the

intrinsic reaction rate. The cell model including a source

term appears to provide an appropriate expression for

the capture rate coe�cient, for it embodies all the vari-

able parameters indicated above and it can be applied to

non-stationary conditions as well.

There appears to be a critical value for the in¯uence

of k0in (namely k0in � 1) on k0, especially for values of

/6 50% which is of most practical interest. At values

for k0in in excess of 1, which is believed to be repre-

sentative for inert gases, the in¯uence of k0in on the

precipitation rate coe�cient k0 is reduced signi®cantly.

This is bene®cial given the uncertainty pertaining to

this parameter. In addition, it justi®es the assumption

of an in®nite intrinsic reaction rate coe�cient for in-

tergranular bubbles in ®ssion gas release models and it

could explain the similar behaviour of di�erent species

for which k0in > 1. Nevertheless, experimental work is

required in order to acquire quantitative information

about kin.
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